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Abstract: 
Computer Algebra Systems can be combined with conventional teaching methods to provide students a more “hands-on” understanding of economic concepts. Maxima and its interface wxMaxima are open source (and therefore zero-price) alternatives to expensive programs like Maple and Mathematica. This paper argues for the benefits of using wxMaxima, and presents several examples for instructors to use in classes. Many of these examples are from Hodgin (1999), but we provide additional examples, and enhance some of Hodgin’s examples by adding animation. We also provide several simple exercises for students to try, and explain why these exercises can deepen students’ understanding. 
Introduction: 
A Computer Algebra System (CAS) is a software package that can store, manipulate, and compute mathematical objects. A CAS can therefore solve equations, perform optimization, simplify and expand expressions, and conduct many other operations. This paper presents a case for using CAS with economics graduate students and with undergraduates taking mathematical economics classes. In particular, we focus on the open-source CAS Maxima.

Section 1 reviews some of the work that has been done using systems such as Mathematica and Maple. Much of this work consists of examples of economic models that are illustrated using a CAS. Some of it includes evaluations of whether the use of a CAS enhances students’ learning experiences. 

Section 2 contains our arguments for the use of a CAS. In doing so it follows Hodgin (1999), who proposes that Mathematica be incorporated into instruction, specifically with microeconomic applications. We argue that the open-source alternative, Maxima, provides most of the advantages of costly proprietary computer algebra systems, with two significant additional advantages: It is free-of-charge to users, and users face no restrictions on how many computers contain the software. Given these advantages and the reasonable assumption that every student has access to a computer, instructors can assume that students have access to a CAS at times and places of their choosing. This removes concerns about funding a system and ensuring that computer labs will be available at times that will serve students well, and about imposing an additional financial burden on students.
Maxima does suffer one disadvantage compared to proprietary alternatives, relatively limited documentation. The manual for Maxima is extensive, though not as user-friendly as some of the proprietary documentation, but documentation for wxMaxima is not yet well organized. Our website http://www.wxmaximaecon.com/ offers some tips on using wxMaxima, and more will be added. Also, tutorials are available at http://andrejv.github.com/wxmaxima/help.html. 
Section 3 provides examples of the application of Maxima to microeconomic models. These models are mostly those developed by Hodgin, but we add a duopoly example. The website provides extended treatment of these applications. Section 4 contains conclusions.
1. Review of Economic Analysis with Computer Algebra Systems
Several papers, books, and exercises demonstrate applications of a CAS to economics. Walbert and Ostroksy (1997) provide examples of applications for an undergraduate class on mathematical economics using MathCad, as well as some data suggesting that use of a CAS improves student understanding. Huang and Crooke (1997) wrote a text on the use of Mathematica for teaching economics graduate students. The book is focused on the mathematics and programming, with economics used in the examples. Stinespring’s 2001 book is similarly targeted at economics graduate students, but focuses more on using Mathematica to teach economic theory, with the assumption that students already understand most of the math (and much of the theory). Belsley (1999) argues that graduate students should be introduced to Mathematica early so that they may use it in their research. Crooke, Froeb, and Tschantz (2003) provide an example of how to use Mathematica’s web capabilities to create an interactive, instructional experiment. Boyd (1998) focuses on Maple (which is also available through Scientific Workplace), and discusses his experiences using it in an undergraduate mathematical economics class. Varian has created a set of Mathematica notebooks to accompany his text, Microeconomic Analysis (1992), and he has edited a separate book, Economic and Financial Modeling with Mathematica (1992). These were written for an early version of Mathematica. Dadkhah (2011) introduces readers to mathematical economics, with sample MATLAB programs provided.

 

Hamlen and Hamlen (2012) discuss the use of a computer model of trade in the classroom. They recommend that students be taught the material before being shown a computer model, and that students be encouraged to participate when the model is used. In particular, they suggest that students should be encouraged to make predictions about the outcome of the model, or about parameter changes, and that the students should have access to the models outside of class (a criterion that use of Maxima makes easier to satisfy). They caution against requiring all students to complete assignments using computer models outside of class, although this probably depends on the type of class. What might not be appropriate in their case (an international trade class) might be appropriate for an undergraduate class in mathematical economics, or a graduate class. 

Our paper partly follows Hodgin (1999), who discusses uses of Mathematica in intermediate microeconomics and managerial economics courses. He argues that a CAS can facilitate students’ application of material from their mathematics courses to economic analysis. 
Maxima differs from all of these other CAS packages in that it is open-source, and therefore available free of charge.
 Maxima is a descendant of an earlier computer algebra system, Macsyma. The graphical user interface (GUI) wxMaxima is part of the package. Maxima allows output to TeX files for conversion to pdf.
 Leydold and Petry (2011) provide a good introduction to the mechanics of Maxima programming, with some references to economic concepts. 

This paper does not develop the details of Maxima’s operation or provide a primer in its use. Rather, it presents example programs that students and instructors can use in their efforts to learn Maxima, with some explanation of what the code means. 

2. The Case for Using a CAS in Teaching
Computer Algebra Systems can be daunting to users who are unaccustomed to programming. Students learning mathematical economics for the first time and students beginning graduate school are likely to already feel overwhelmed with the amount of information they must master. Why add to this by requiring them to work with a CAS?

A CAS should be seen as a complement to textbooks, classroom instruction, and other teaching tools. It allows students to visualize, alter, and generally play around with the ideas that they see represented in their notes and textbooks. It also allows them to double-check work that has been done by hand, and can free more advanced students from spending unnecessary time on working out models by hand. Once mastered by students, a CAS can also be used in original research. As Hodgin (1999) says:

As a tool for learning, the capability of symbolic computation programs to combine graphical, numerical, and symbolical capabilities offers advantages in the economics classroom. For example, a commonly stated objective in many economics courses is to teach students to “think like an economist.” In microeconomics, this means being able to analyze an event … in an appropriate economic model ….  At a minimum, students must be able to translate the event from words into diagrams. In some cases, however, diagrams alone are not enough. When a model involves several variables, algebra and elementary calculus are better for tracking the relationships. Students learn to apply economic theory by diligently engaging in this practice of model building. Symbolic computation programs are excellent tools for assisting in this aspect of learning because they allow students to concentrate more on understanding the economic principles behind their models and less on the computational details of their models.

Computer Algebra Systems do not tolerate “hand waving”; they require that students properly specify the relationship being modeled. Once a model is in a CAS, students can experiment with “what if” questions. Yet another potential advantage of a CAS is that it may enhance students’ future career prospects, as it provides a tool for quantitative analysis that some employers may value (or it can serve as a gateway to more sophisticated programming). 

The two primary barriers to adopting a CAS are monetary cost and difficulty. Individual licenses can be expensive (particularly relative to the income of graduate students, even with student pricing). Departments adopting such software must pay site licenses and deal with licensing restrictions. The second barrier is that students must learn to use the software. For those who are not familiar with CAS or programming in general, this can be a significant barrier.
Maxima addresses the first problem by being open source. Its use involves neither fees nor site licenses. It is covered under the GPL (General Public License). Anyone with access to a computer (or the proper Android configuration) can use it free of charge. 

The second problem—the difficulty of programming—is more serious. Learning any CAS requires time and effort. We provide several examples below in an attempt to show that Maxima is not difficult to use, and can in fact be useful for both teachers and students. One need not become proficient in using a CAS to reap advantages. A CAS is easily opened and used as a calculator to solve simple (or not-so-simple) problems or just to sketch graphs. Gaining capabilities can be a painless and even rewarding process.

3. Examples

This section illustrates some familiar microeconomic models with Maxima. As noted above, these examples largely follow Hodgin, and the website cited above extends the analysis presented here.
3.1. Cost Curves
The first example represents the total cost and associated per-unit cost curves for a firm’s product. Hodgin uses a specific cubic polynomial representation of a total cost curve, from which average cost and marginal cost are derived. We follow this specification with one exception: We allow for a shift variable, a. Doing so allows the animation that can be seen at the web site (and that can be used for classroom presentations). Our cost function is as follows:
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The function tc(q, a) has two arguments, the variable q and the parameter a. (Maxima does not distinguish between variables and parameters; doing so is up to the analyst). Functional notation is indicated by the := combination. We derive expressions for the total variable cost function, the average cost function, the average variable cost function, and the marginal cost function.
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Each of these functions is created in a two-step process. First, the requisite algebraic or calculus operation occurs. The result of this step is an expression that Maxima stores in its memory. The second step activates this expression and makes it part of a specified functional relationship. We end the first of each pair of commands with a dollar sign, which precludes printing. The second of each pair of commands ends with a semicolon, and the resulting output is printed.
The first command in a cell is numbered; all printed output is numbered.

Making a a free parameter comes at a cost: its value must not be so small as to allow for negative marginal cost over any positive values of q. The cell below addresses this concern. We take the derivative of marginal cost in the first command. Then we refer to the resulting expression using %, which recalls the output from the most recently entered command. We solve this expression for q. (We could have entered %=0, but Maxima assumes that expressions equal zero unless told otherwise.) This marginal-cost-minimizing level of q is substituted into the marginal cost function. Finally, we solve the resulting expression for a. Maxima reports an exact solution unless told to do otherwise. The lowest allowable a value is 4/15, for which the floating-point approximation is given below.
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We do not show the commands required to draw the graph below. The website shows the commands and indicates the purpose of each. The plotting program that we use in Maxima (it has two options) is verbose. The use of this plotting program (draw rather than plot), in our opinion, shares a merit of a CAS in general relative to a more “black box” approach: It allows (indeed, forces) users to make the connection between input and output.
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To reiterate, the complete set of commands to generate the functions and the graph is available on http://www.wxmaximaecon.com.
 Opening the file “Cost Curves Animations.wxm” reveals the code for the previous calculations and the graph, as well as an animation that shows what happens as the value of a changes. 

3.2. Cobb-Douglas Production Function
The second example represents a production function. We define the standard Cobb-Douglas function 
[image: image5.emf]q=ax

1

b

x

2

1 −b

, where q is the quantity produced per period, x1 and x2 are input values, and a and b are positive constants, with 0 < b < 1.

[image: image6.png]a(xl, x2, a, b) := a*x1"b*x2"(1-b);




A three dimensional graph of the production surface, augmented with projections onto the surface, appears below. As before, we do not show the commands, which are available at the website.
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We extend the analysis in the website file (“Production Function.wxmx”) by looking at the isoquants more directly, by using animation to show the effects of technological changes (changing values of a and b), and by rotating the graph to gain perspective offered by varying views of the surface and the floor. Students often have trouble visualizing the functions and relationships described by the math—particularly when three dimensions are involved. Enabling them to create and manipulate a graph can enhance their understanding. 

We also use Maxima to create functional expressions for the average product and marginal product curves x1, given values of x2 and the total product function. We show the two per-unit curves here, along with the draw commands used to generate the graph.
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The website file shows the total product curve. It also shows animations to illustrate the effect on the per-unit curves of changes in the x2 employment level and of technological changes.

3.3. Profit Maximizing Output 
The third example examines profit maximization for a firm whose product faces a linear demand curve and whose total cost curve is a cubic function of quantity. The functions are as defined or derived in Maxima, resulting in the following:
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Note that a and b are demand parameters, while A and B are cost parameters; Maxima is case sensitive. The resulting total revenue and total cost curves for a specified set of parameters appear below, along with the profit function. The graphical output suggests that profit is maximized when q is around 6 units. The web site animates this by allowing for changing values of B, the shift parameter for the total cost curve. The user can easily set up groups of commands that generate animation for changes in any of the other parameters.
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We supplement the graph with a tabular representation of the relationships. For this we use some of Maxima’s matrix manipulation commands, as shown below, along with some of its commands for creating and manipulating lists. The code below creates a set of quantities, then a list of corresponding Total Revenue, Total Cost, and Profit. The parameter values shown below are the ones used to draw the graph of the revenue, cost and profit functions. The second table presents the numbers in an easier-to-read format, with column headings. The purpose of this is to demonstrate that Maxima has useful formatting features. 
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The per-unit cost and revenue curves are graphed as well at the website (graphs not shown here). The graphs show that marginal revenue equals marginal cost at the profit-maximizing value of q. The graph of the per-unit curves is also animated. Along with the graph, we use the solve command to verify that the profit-maximizing quantity is approximately q = 5.95 units. We also provide an animation demonstrating the effect of changing the cost parameter A. As marginal cost rises, the profit-maximizing output level falls. 

3.4. Applying the Lagrangian Multiplier Method
Like Hodgin, we illustrate the Lagrangian technique with a Cobb-Douglas production function and a linear isocost curve. We begin with the general case, where the production function parameters (a and b) and the wage rates (w1 and w2) of the two inputs (x1 and x2) are not specified. The first line below specifies the production function, and the second line the Lagrangian function to be maximized, where μ is the Lagrangian multiplier.
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After solving the system of equations defined by the first-order conditions, we insert parameter values and derive the results that appear below.
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We solve the system twice. A one-unit change in the cost level is allowed in order to confirm that μ is the change in output per one-unit change in the constraint.
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The workbook at the website supplements the application of the Lagrangian method with the combination of isoquant/isocost line analysis and algebra. It also uses animation to demonstrate the nature of inefficient input combinations.
3.5 Cournot Duopoly
As an additional example, we demonstrate Cournot Duopoly, a standard model in game theory courses. We assume constant marginal cost and linear demand. The commands below create these functions and the resulting profit functions, but (for demonstration purposes) use two different techniques. The first shows how the % symbol is used to refer to the last operation performed, and the second uses a more streamlined approach. Note the use of the quote-quote operator to make an expression ready to be used as part of a function. 
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We then maximize the resulting profit functions and solve the first order conditions for q1 and q2, giving us the best response functions for both firms. Again, two different and equivalent techniques are used to get these results.
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Next we substitute one firm’s best response function into the other’s to find the Nash Equilibrium levels of output. Again, one advantage of using a CAS to do this sort of work is that it does so without error—provided it has been programmed correctly. This is useful to check one’s work, or to avoid doing large, tedious algebraic operations by hand. 
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Given some parameter values, wxMaxima gives us a numerical solution. 
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We can also plot the best response functions from both firms, verifying the numerical solution. The code to produce this graph is shown in the file on wxmaximaecon.com. 
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Also in the file at our website is an animation showing what happens to firm 1’s best response function as its marginal cost, c1, rises or falls. 

Conclusion
A Computer Algebra System offers significant advantages for students who have added mathematics to their toolkit or are in the process of doing so—particularly graduate students, who will have to develop their own mathematical models. Using a CAS deepens understanding, by forcing students to grapple with the math directly, and allows students to see (quantitatively or graphically) how a model responds to changes in parameter values. A CAS may also be a useful tool for students who go on to do empirical work, or as an introduction to programming, which may help students move on to other kinds of programmable software useful for empirical work. 
Maxima has these advantages, plus an additional one, relative to popular programs like Mathematica, Maple, and MATLAB: It is available at a nominal price of zero. It also has a drawback, in that documentation is not as thorough as that of a proprietary CAS. We think that the financial advantage can outweigh the inconvenience for many analysts. As users continue to work on Maxima, its documentation will improve, and there are already many sites with tutorials, walkthroughs, and exercises. While we think Maxima’s disadvantage will fade with time, we do not think that the disadvantage of other CAS—the monetary cost—will change much. 

It would be interesting to conduct experiments to see whether Maxima has the positive effects on student learning that Walbert and Ostroksy (1997) and Hamlen and Hamlen (2012) report for other systems.
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�MATLAB is used for numerical computing, but an optional module allows it to be used as a CAS. MATLAB nonetheless seems to be mostly used for statistical or econometric work, rather than developing or teaching economic theory.


�In addition to these books, we found a book in Arabic by Mohammad Al Suhaibani, Teaching Mathematics for Economists Using MATLAB, but being unable to read Arabic, we cannot speak to its quality or its content. 


�Maxima and wxMaxima can be used in Linux (the environment in which they were developed), as well as in Windows, or Mac environments. Maxima can be used in the Android environment, where another user interface is provided in place of wxMaxima. Also, Maxima can be accessed online at � HYPERLINK "http://maxima-online.org/"��http://maxima-online.org/�.


� See � HYPERLINK "http://facultyweb.berry.edu/wmixon/maxima/Typesetting/Typesetting.pdf"��http://facultyweb.berry.edu/wmixon/maxima/Typesetting/Typesetting.pdf� for an overview of typesetting in Maxima. Our forthcoming book on the use of Maxima in working with economics models was written entirely in wxMaxima. 


�The two steps that create a function can be nested, so that the function is created in a single step. For the first one, for example,  tvc := ‘‘(tc(q,a)-10); would generate the desired function. Note the quote-quote operator (two single quotes, not a double quote).


� The complete link is � HYPERLINK "http://www.wxmaximaecon.com/the-aef-2012-paper-additional-files/"��http://www.wxmaximaecon.com/the-aef-2012-paper-additional-files/� . 


�The command wxdraw(...) places the result of the plotting in the workbook (that is, in the file that is open in wxMaxima, in which one is doing the programming that generates the graph). Simply entering draw(...) would generate an external graph which can be manipulated and saved as a graphic file.


�Both q and L are names that we assign to expressions. We do not define functional relationships here. The name and the expression are separated by a colon(:). Whether to use functional expressions or simple assignments is often a matter of convenience. Note that in the next output box the names soln1 and soln2 are assigned to lists.
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